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Abstract

For an irreducible symmetric Markov process on a, not necessarily compact,
state space associated with a symmetric Dirichlet form, we give Poincaré type
inequalities. As an application of the inequalities, we consider a time inhomoge-
neous diffusion process obtained by a time dependent drift transformation from
a diffusion process and give general conditions for the transience or recurrence
of some sets. As a particular case, the diffusion process appearing in the theory
of simmulated annealing is considered.
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1 Introduction

Let X be a locally compact separable metric space and m a positive Radon measure
on X with full support. Consider an irreducible regular Dirichlet form (€,F) on
L*(X;m) and its associated m-symmetric Markov process M = (X;, P,) on X. M
is called transient if there exists a strictly positive function g € L'(X;m) such that
Rg(x) = E,([5°g(Xy)dt) < oo for a.e. x € X. M is called recurrent if it is not
transient or, equivalently, if P,(ocr < c0) = 1 q.e. x € X for any non-exceptional set
F in X, where o is the hitting time of F'.

Using the Dirichlet form, transience of M is characterized as follows : M is transient
if and only if there exists a strictly positive function g € L'(X;m) and a constant k;(g)
such that

[ lu@)g(@)dm(@) < k(@) e F 1)
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([4]). As an L?-version of (1), the following result also holds (see [3],[12]): For any
non-negative bounded m-integrable function g such that |Rg||« < o0,

/XUQ(SU)g(fv)dm(x) < 2[|Rgllocl(u,u),  u e F. (2)

In particular, if ||R1||o < oo, then (2) holds for ¢ = 1 without the factor 2 in the
righthand side. On the other hand, if M is Harris recurrent, it is known that there
exists a strictly positive function g € L'(X;m), a non-null set C of X and a constant
k2(g) such that

[, lul@) = (o wlg@)dm(x) < ka(9)E (), we F, (3)

where v () = m(-)/m(C) and (vo,u) = [y u(x) dve(z).

For a given set F' C X, we say that F' is a recurrent set of M if P, (op < c0) =1
for a.e. x € X. In this case, limy_ .o, P, (0F 00y < 00) =1 for a.e. x € X. If this limit
vanishes, then we call F' a transient set of M.

In this paper, we consider some inequalities of Poincaré type related to recurrent
Markov processes and apply them to certain time inhomogeneous diffusion process to
give general criteria for the transience and recurrence of some sets.

As a particular case, if we assume that m(X) < oo and there exists a spectral gap
A1 > 0 relative to (€, F) defined by

A, = inf Eu,u)

we [lu— (m, w3’

then the 1-resolvent R; of M satisfies
1
14+ A

for any A such that 0 < A < Ay, where || - ||, denotes the LP(X;m)-norm. Note that
the constant 1/(1 + A) of the righthand side of (4) is less than 1.
In §2, instead of the existence of a strictly positive lower bound of the spectral gap,

[Byf = (m, f)ll2 < If = (m, )l f € L (X5m). (4)

we start from the assumption that

sup [Ry(z,-) —m(-)]| < 2v (5)

for some v € (0,1), where ||v|| denotes the total variation of the signed measure v
defined by ||v|| = v(Bt) — v(B~) in terms of the Hahn decomposition X = BT U B~
relative to v. In this case, it is easy to see that

IRLf = (m, Pllz < 29[1f = (m, fll2. f € L2(X5m). (6)
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But the constant 27 in the inequality (6) is not optimal in the sense of L?-setting
because it can be greater than one. In Lemma 2.1, we shall show that (1 —~)/v is a
lower bound of the spectral gap, that is,

/X (u(z) — (m, u))* dm(z) < %5@, W), ueF (7)
and as a result the factor 2 in the constant of (6) can be removed. Using this lemma,
we shall also give an L2-version of (3) for general Harris recurrent Markov processes
(Theorem 2.1).

There are many interesting features concerning the transience or recurrence of some
sets in the time inhomogeneous case because a set can be transient or recurrent de-
pending on the fluctuation of the generator relative to the time parameter, unlike the
time homogeneous case.

In §3, we consider the time inhomogeneous diffusion process M? = (Xt,P(’;J))
associated with the family of energy forms (€, F N L?(X; u;)) on L?(X; ;) defined
by

E0(p.0) = 5 [ F(t2) dugoy (2 (5)

with a strictly positive time dependent weight function p(t, ) € F, where du,(z) =
p*(t,x)dm(z). As a main result, we give some general criteria on p for the transience
or recurrence of some sets relative to M? by applying the inequalities (2) and (7). As
an example, we apply our criteria to a Brownian motion B on a compact connnected
Riemannian manifold X and a weight function p(t,x) given by

p(t,x) = exp (—(U(aj)/c) log V1 + t) , ¢>0. (9)

Indeed, more profound properties of the diffusion B” can be found in the theory of
simulated annealing ([5],[6]).

2 Some inequalities related to transience and re-
currence

As is stated in §1, some characterizations of transience and recurrence of symmetric
Dirichlet forms (€, F) on L?(X;m) are given in Fukushima et.al. ([4]). The transience
of (£, F) is characterized by (1). Furthermore, in this case, an L?-version (2) holds.

The purpose of this section is, after getting the inequality (7) for the Markov pro-
cesses satisfying the inequality (5), to show an L?-version of (3) for general Harris
recurrent Markov processes. To show the inequality (7), we make the following as-
sumptions on M.



(A) M is recurrent and there exists v < 1 such that (5) holds.

In this case, for any n > 1,
R (z,-) =m()| <29", ze€X (10)

([11]). Note that (10) implies that m is a probability measure. The condition (A) is
satisfied if X is compact and R; is strong Feller, or more generally, if the density of
the absolutely continuous part of R;(z,-) relative to m is bounded from below by a
positive constant ([11]).

Let X = B(z)" U B(xz)~ be a Hahn decomposition relative to the signed measure
R(x,-) —m(-). Then

sup |[[(R1 —m)flleec = sup ((R1 —m)Ip)y+ — (R — m)IB(z)*>

lflleo<1 z€X
= sup [[Bi(z,-) = m()[| < 2v.
zeX
Hence, using the same symbol || - ||, to represent the operator norm of Ry —m in

LP(X;m), we have |R; — m|lo < 27. For any f € LY(X;m), put f = f — (m, f) and
By = {z: R f(z) > 0}. Then, by the symmetry of R, we see

I(By = m) fls

= [, Bif@dm(z) = [ B f)dm()
= [ ) {(Raly, By) = m(By)) = (Rily, X \ By) = m(X \ By))} dm(y)
< supf[ Ry, ) —mO)l -1 £ 1
< 20l
and thus || R, — m|; < 27. Denote the total variation measure |R;(z,-) — m(-)| by

|Ri(2,-) —m(-)|(A)
= (Ru(z, AN B(z)") = m(An B(z)*)) — (Ru(z, AN B(z)") = m(AN B(x)")).

Then the operator norm on L!'(X;m) determined by |R;(z,-) — m(-)| coincides with
||R1 —m||;. By a similar argument using (10) instead of (5), we also have

[BY = mllee < 29" (11)
Lemma 2.1 Suppose that M satisfies the assumption (A). Then

/. (@) = m,u))? dm(z) < [ Ewu), ueF (12)
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In particular,
[Byu = (m, w)ly < yllu—= (m, w)f. (13)

Proof.  Let Ay > 0 be the spectral gap of (£,F) as defined in §1. By (11) and the
spectral representation,

1 o 1
- < i / ' s
(14+ X2 — HuHQ:Rl(m,u)ZO a (L4 N2 A, w)

= ||RY —m|5 < ||R} — m|,
S 4,}/271'

Therefore, A\; > (2/7y)~! — 1 for all n > 1. Now, letting n — 0o, we get

)\121_77‘
g

The inequalities (12) and (13) follow easily from this. O

Let denote (-, ), the inner product on L?(X; u). Define a potential kernel K by

)= 3 (B 1(@) = (m. ). (149)

By virtue of (10), K f(x) is well defined for all x € X and satisfies

HKﬂm<2ZvHNm= ”\mu

for any f € L*°(X;m). Moreover, by using (13),

(LKL S =m0 = 20 05)

for any f € L*(X;m). On the other hand, since

(R —m)f,q), = /0°° e (Duf(t, ), Bug(t, ")), dt

for oy f(t,x) = (R¥ —m) f(x) and Popy1 f(t,2) = (RY —m)pyaf(x), we have from (15)

(Kf, K f)m i m)f, Kf),,

n=1



= z e oK F)(t, )t

- > / ) KO f (1)), d
< 5% / ), @uf(t.)),, d
- E<f,zr<f>m. (16)

Note that K f € L?*(X;m) and satisfies
RIKf=KR f=Kf—Rif+(m,f), [feL*(X;m).

Therefore, {Kf : f € L*(X;m)} = {R,f — (m, f) : f € L*(X;m)}. Furthermore, K f
belongs to the domain of the generator G of M and

—GKf=-G(RiK[f+ R f —(m, [))=[—(m,f)
In particular,
(fs K f)m = (f = (m, [), Kf)m = = (GKf, K [),, = E(Kf, K[f).
Put KOf = Kf +f—(m, f) =X (R} —m)f. Similarly to (16), it holds that

(KOf KOF) < 1_17 (£ EOF) . (17)

m

We say that M is recurrent in the sense of Harris if for any F' C X with m(F) > 0,
/ Ip(X;)dt =00 as. P, forall z € X.
0

In particular, if M is recurrent and R;(z,-) is absolutely continuous relative to m for
all x € X, then M is recurrent in the sense of Harris ([2],[8]). In this case, as we stated
in §1, the inequality (3) holds. Now, let us assume that M satisfies Harris recurrence
condition to derive an L*-version of (3).

Define for any positive continuous additive functional A; = f; Ic(X,)ds, the kernels
RS and K¢ by

) = B ([ e ).
Kif(z) = E, (/OOO eaAtf(Xt)dAt) _
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In particular, put R4 = RY. Under the present assumption of Harris recurence, for a
set C' with m(C') > 0, K¢ is the resolvent of the recurrent time changed process on C'
by A;. Furthermore, we can choose C satisfying 0 < m(C') < oo and

sup | KA(z, ) = ve ()| < 29
xeC

for some v € (0,1), where vc = (1/m(C))m|c ([9],[11]). Similarly to (10), it then holds
that
H(Ki)"(l', )= Vc(')H <29, ¥n>1

and consequently, for any f € L*(C;v¢),
|3 f = (ve, ]|, <"1 = (e, Ol

by virtue of Lemma 2.1. Put

=3 (Ueh)y - ve) KD =3 () - ve).

From the symmetry,
<V07 RAf> = (Killa f)m = <m7 f)
Define a kernel K by

Kf=K{'Raf = KiK' Raf + Raf — (m, f).
By using the Markov property,

aR,K h = R.(Ic- Kih) + Kih — R (Ich),
aRyRah = R, (Ic-Rah)+ Rah — Ryh.

Since KAK g = K¢ — g + (ve, g), we have

aR K\KOR,f
= Ro(Ic- K\KVRAf) + K\KYRAf — Ro(Ic - KO RAf)
= Rollo- KV Raf — Ic- Raf + Io - (vo, Raf))
+ KAKYRaf — Ra(Ic - KY'Raf)
= —Ra(lo- Raf) + Ralo - (m, f) + KYKP RS,

Hence it holds that
(I —aR,) Kf=Ryf— Rolc-{(m,f) (18)



and consequently,
K (I —aR.) f=Raf = (vc, Raf). (19)

Moreover, since
/X(Kihf(x)g(x)dm(x) < /K}‘hQI () dm(z)
= [ Rag(@)(z) dve(x)

< ||Ragll /X *(a) dve(e),

applying (17) to K&O) |cxc, we get for any bounded non-negative function g € L'(X;m)
satisfying ||Rag||leo < oo that

(KaRAf, KaR4Af),,, = KAKEAO)RAJF
g

L%(g-m)

< |Ragllos (K5 Raf, KL RAS),
1
< lBaglloor—2 (RAf KY RAf)

= |Raglloey— (f KYKY Raf)

— JRagll i (. KaRaf),,

Note that R, is the potential kernel of the transient Dirichlet form €4 = & + (-, ).,
on L?(X;m) and RsIc = 1. Thus we have from (2),

[ (Baf = (m. 1)) (@)g(x) dm(x)

= [ (Ralf = . ) - Ie))? (w)g(x) dm()

< 2| Raglloct < A ()10 Ralf = () 1)
< 2||Raglloc€a (Ra(f — (m, f) - Ic), Ra(f — (m, [) - 1))
= 2| Raglloc (f — (m. f) - Ie. Ra(f — (m. f) - 1)),

< 2| Raglloo (f. Ralf — (m. ) - 1)),

Therefore

(Kf, K f) g
= (KaBRaf + Raf —(m, [), KaRaf + Raf — (m, f))

< 2(KaRaf KaRaf)y +2 [ (Raf () = (m. 1)) g(a) dm(x)
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S 4HRAgHOO {13}/ (fa KARAf>m =+ (f> RAf - <m7 f>)m}

4
< EHRAQHOOQC; K f)m

= o IRagll (LKD) (20)

On the other hand, from (18) and (19),
Kf=RKf+R(f—(m,f) Ic)

and

Rif=Kf—KRif+ (vo,R1f).
Thus the images of K and R; coincide except a difference of a constant factor which
makes the integral by v zero. Hence, we have from (20),

4
< SHRAQHOOS(K([ —R)f, K(I - Ri)f)
4
= THRAQHOOE(Rlﬁ Ry f).
-7
Further, approximating v € F by a sequence of the form u, = Ry f,, such that v, — u
in F, we get the following result.

Theorem 2.1 If M is recurrent in the sense of Harris, then there exists a set C such
that

i Ju ) = e wPoto) dmta) < e ) (21)

for any u € F and a bounded non-negative function g € L'(X;m) such that || Rag||e <
00.

3 Transience and recurrence of sets relative to cer-
tain time inhomogeneous diffusion processes

In this section, we assume that we are given an irreducible m-symmetric diffusion
process M = (X3, P,) on X which is associated with the Dirichlet form (€, F) given
by

Ep0) =5 [ dhtoun (). (22)
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We consider that the path space is canonical and X;(w) = w(t). Denote the associated
generator by G. Fix a strictly positive continuous function p(¢, z) such that p(¢,-) € F
and t — Op(t,-)/0t is a measurable function from [0, 00) to L2 (X;m). Put u(dz) =

loc

p?(t,x)m(dx) and consider the Dirichlet form (£, F®) on L?(X; ;) determined by

E0(p.0) = 3 [ 770t 2) ditipa (). (23)

Denote by G the generator corresponding to (£®, F®). A time inhomogeneous
diffusion process M? = (X, P(’;x)) is said associated with the family of Dirichlet forms
(E®, F®) if its transition function w(s,z) = E. ., (o(X,_,)) satisfies the terminal

(s,2)

value problem
Ouy(s,
) 4 G (s,2) =0, ult.x) = (o), (24

for s < t. Denote by R’ the resolvent of M”, that is

R p(s,x) = EF

(5,2) (/oo ~(X) dt)

Then (24) is equivalent to

S

) (81%(;43) | ¢> +ED (Bp(s, ), 0) = (2,0, (25)

for any ¢ € F)
There also exists a diffusion process M? = (X, P(t y)) which is a dual process of
M in the sense

[ Bl @ (K e@) dis(@) = [ Bl (oK) 0) dily)  (26)

for any ¢, 1 > 0. Note that the measure P? is not necessarily sub-Markov. In fact, pr
is given by the following transformation by a multiplicative functional

1

for A € o(X;;7 <t —s), where M[°¢#] is the martingale part appearing in the decom-
position
log p(t — 7, X,) — log p(t, Xo) = MHeeel 4 Nlloeel

into a martingale additive functional of finite energy and a continuous additive func-
tional of zero energy relative to P('i Y and

PN s dlog p
BS:/ t— 7, X, )dr.
o Ot (¢ =7 Xr)dr
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Hence, we have

dlogp
ot

By (X) e (6(s), ()= [

(t_T,.)HOOdT. (21)

Fix a closed set F of X such that p*(t,-) € LY(D;m) for D = X \ F. By consid-
ering p?(t,x)/Z(t) instead of p*(t, ), we may assume that u;(dr) = p*(t,x)m(dz) is a
probability measure on D, where

Z(t) = /D P (L, x)dm(z).

Let f be a non-negative function on D such that (us, f) = 1 for fixed s > 0. For such
f, define the function @” by

al(ty) =Ef, (f[(Xi—s) it —s<op), yeD (28)

and put
H2(t) = [ (@) (ty) dpuly).

We assume that the number

Ap(t) = — inf aalogp2(t,m)

zeD Ot

is finite. For instance, this assumption holds if D is relatively compact. Then we have
the following lemma relative to HP(t).

Lemma 3.1 (i) For any s <t,

ED@P ), alt, ) < —=—HP@t) + 1AD(t)ﬁD(t).

(i) Iflimy oo HP(t) = 0, then P}, (op < 00) =
Proof. (i) Since u? satisfies

1 d(p*ul)

pQ(t y) ot (t7 y) = g\(t)asD(ta y) (29)

with condition
@) (s,y) = fly), @ (t.y)=0 foryeF
by multiplying 42 (¢,y) and integrating on D by du;(y), we have

/D Wﬁf(t7 y) dm(y) = _g(t) (ﬁf(t7 ')7 af(t’ )) ' (30)
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Since the lefthand side of (30) can be written as

we get the result.
(ii) By virtue of the duality relation (26), it holds that

P, (t—s<or) = Ef (f(Xo)Ip(Xi—s):t—5<op)
— (f(X )Ip(Xg) it —s < op)
:t/ 2(t,y) duly)

IN
Sy
S
=

Hence, we have the assertion. O

Assume that F' is a non-exceptional closed set. By virtue of the irreducibility of M,
its part process Mp on D is transient. Hence, applying (2) for Mp, for any bounded
positive function g € L'(X;m) such that |RPg||. < oo,

| w@g(a)dm(a) < 2/ R gllo (u,u) (31)

forallu € Fp ={u € F: 4 =0 q.e. on F}. If m(D) < oo and ||RP1|ls < 0o, then
(31) holds for ¢ = 1. As a typical case, this holds if D is compact and the transition
function p; of M is strong Feller. In fact, it then holds that inf,cp pi(z, F') > 0 and

pP1(z) <1 —pya, F) < 1— inlgpt(x,F)<1
S

for any x € D, where pP is the transition function of Mp.
Now, we give a general criterion on p for the recurrence of the set F' relative to M?.
Put (o
in t,-
Sp(t) = br )
supp (0*(t,-)/9(-))

Since ¢ is bounded, dp(t) < oo.

Theorem 3.1 Suppose that there exists a positive function g € L*(D;m) such that

lim </\D HRDgH dp(t) > dt = —o0. (32)

T—o0

Then P{, (0 < o0o) =1 for any non-negative function f with {ju, f) = 1. In partic-
ular, if the transition density of MP exists, then P(’;x)(aF < o0) =1 forallz € D.
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Proof. Let g > 0 be a function satisfying the stated condition. Then we have from
(31)

< 2||R"g]le 05" (1) €V (@D (1,-), T(1,))

Combining this with the result (i) of Lemma 3.1, we get that
-1 _ d —~ —~
R 5o(t) A1) < — AP (0) + Ap() P (1),

that is,

108 2() < (3ol - [R76] L 5010)

Hence, we have

m2) < A2e ([ (ol - [R°] 5ot0)) ). (53

Therefore the first assertion follows from Lemma 3.1 (ii). If the transition density
(s, x;t,y) of MP exists, then

Ployt—s<or) = P}, (1—s<opt—7<oprob,)
Pﬁ.uT(t—T<UF)—>O, t — o0

for f(y) = p°(s,2;7,y). -

Example 3.1 Suppose that X is a Riemannian manifold with volume element m and
B = (X;, P,) the Brownian motion on X. Then the associated Dirichlet form (&, F)
on L*(X;m) is given by

Ep0) = 5 [ Vilw) - T(a) din(a)

Let U be a smooth locally bounded non-negative function on X and p(t, x) a function
defined by

1
plt, ) = exp (50U () ). (34)
for B(t) = (1/c)log(1l +t),c > 0. We consider the associated time inhomogeneous

diffusion process B? = (X, P’ ) for the function (34).
(s,7)

13



Fix a connected component D of a level set of the form {x : U(x) < b} and let
a = infp U. To make (D) = 1, we consider p*(t,z)/Z(t) instead of p?(t,z), that is
we consider as

p*(t, y)m(dy)

pe(dy) = 20 Z(t)z/jjpg(t,y)dm(y)-

Since D is compact, it is easy to see that the part process Bp of B on D satisfies (31)
for g = 1. By elementary calculations, since

b

d =
we have
T
/ Ap(t)dt = élog 17 + log Z(1)
s &

1+s Z(s)
/S Sp(t)dt = C_(b_a)((1+T)1<

and for any ¢ > 0,

ale_ (1 + 3)1—(b—a)/c)

< Z({t) <m(D)(1+1t)"¢

m({a<U<a+e)(1+1)"

Therefore, if b —a < c,

lim [ (AD(t) —2 HRD1H: 5,3(75)) dt — —

T—o0 Js

and which implies that the set I = X \ D is a recurrent set relative to B? by virtue of
Theorem 3.1.

Next, we turn to a general condition on p for the transience of some sets relative to
M?. We assume that the state space X is compact and M is recurrent on it. Before
considering time inhomogeneous process M, we give an estimation of the type (12)
relative to MP? for time independent p.

Fix a positive function p(x) € D(G) such that juee 5(2) 1= dfiiog 52,10g 72y () /dm () <
oo and [|G log pllee < 0o. Put dpu(x) = p?(x)dm(z). Let (E7,FP) be the Dirichlet form
on L*(X; i) determined by

/ T)dpsip,p) ()

and M? = (X[, P?) the associated diffusion process with resolvent R?. Put h(x) =
Glog p(x) + 2pueg 5(z), C, = Jo h*(X;)ds and

2 f(r) = B, ( e f(Xt)dt> |
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Then it satisfies

Ref(z) = Rof(x) — R&(h - Raf) () (36)
(84.6 in [4]). If the density R, (z,y) of Ra(x,dy) relative to m(dy) exists, then (36)
implies that the density of R(z,-) relative to m also exists. We denote its density by

R (x,y).
For convenience, we will assume sup,¢y p(z) = 1 with no loss in generality. Put

H?(z,y) = inf sup (—logp*(n(t))), x,y€ X,
T o<t<1

where 7(t),0 <t < 1is a curve in X connecting x and y. Furthermore, put

m(p) = sup {H’(z,y)+logp*(x) +log p*(y)} .

z,yeX
Wp) = 1—e™@2inf RL(z, w).

Lemma 3.2 Suppose that R, (x,dy) has a strictly positive lower semi-continuous den-
sity R (x,y) relative to f(dy). Then

_ 2 () p
u(z) — (p,uw) du(r) < ————E(u,u 37
o () = ) dipta) < 200w w) (37)
for any u € FP.

Proof. For any fixed 2 € X and € > 0, let {B;} be a covering of X of finite open sets
such that |H?(x,z) — HP(x,w)| < € for all z,w € B;. From the definition of H”, the

process (X, )o<,<; hits the set {y : p*(y) < exp(—H?(z, X;))} PP-a.s.. Thus, for any i,
if we take a point z; € B;, then for Pf-a.s. w such that X,(w) € B;, (X, )o<r<; hits

Bri={y: p*(y) < exp(—H(z,2) +¢)} .

Hence if we denote by o, ; the hitting time of M” to B, ;, then from the continuity of
~2
P

=F, (/OO o~ 3 (H? (w,21)—e+log p? () +log p* (Xy) ) 1
Ox,i ﬁ(Xo'x,z)
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x e 170 (X)) Ip,(Xy) dt)

> E, </ % o5 (HP @ X)) Hog () Hog 22 (X)) L
el .y ﬁ(Xaac,i)

x 7O (X)) I, (Xy) dt)

> e m)/2p ( /U OO_ e 7 pA(X)) 1, (Xy) dt)
_ R RY (1) ()
This implies that for any z,y € X,
Ri(z,y) > e "% Ri(x,y).
Therefore, by putting F;r’y = {z: R{(x,2) — R{(y, z) > 0}, we have

|Ri(z,) = Ry, )| = 2(Ri(x,T),) — Ri(y.TS,))

2 / . (Rf(;v, 2) = Ri(y,2)) di(=)
2 [ (Riw.2) - inf Ri(y.w) ) di(2)
< 2v(p)-

IN

This implies i
|(RD" (2,) = ()| < 2v(p)"
for all n > 1. Hence the result follows from Lemma 2.1. O
Now we return to the time inhomogeneous case. Put m(t) = m(p(t,-)) and ~(t) =

Y(p(t,-)). Let uPl(t,xz) and Ap(t) are those defined before Lemma 3.1. We omit the
superfix D if D = X. Put

Vi) = llas(t ) = (e, @t ) 1 22

Lemma 3.3 Assume the condition of Lemma 3.2. Then, for any s > 0 and a non-
negative function f such that (us, f) =1,

~ T T t
Vi(T) < e_fs Sqya(t)dt {Hf - 1||2L2(#8) +/ )\(t)efs S’Y,)\(T)det} ,

where
_1=7()
S’%A(t) — ’y(t)

— D).
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Proof. Note that it can be written as V,(t) = ||is(t, -) — U172y = N85t 12200 — 1-
Then, V,(¢) satisfies

1d 1 ~ 1
O (U (t, ), Us(t, 7)) < == Val(t) + = AE)Vi(t) + At
£0 (@,(t,).7,(+) < 2 ST + AT + 2A)
by virtue of Lemma 3.1. Using (37), a similar argument as the proof of Theorem 3.1
gives the the assertion of the lemma. O

Theorem 3.2 Suppose that R.(x,dy) has a strictly positive lower semi-continuous
density R, (z,y) and
A(t)y(t
limn sup () ()

Moreover, assume a bounded non-negative function ¢ satisfies the following conditions
; for each t > 0, there exists k(t) such that 0 < k(t) <t, k(t) /" o0 ast / oo,

< 1. (38)

/OO ") (1, p)dt < o0 (39)
0

and . o
/ ’|90||L2(m)6_§ fm) SW,)\(T)det < o0, (40)
0
Then [5° £, (¢(X;))dt < oo for any non-negative function f with {(uo, f) = 1. In
particular, if the transition density of MP exists, then [5° E(po’m) (p(Xy)) dt < 0.

Proof.  For a function ¢ satisfying the stated conditions and a non-negative function
f such that (ug, f) =1,

Ef 0 (p(X1)) = /(UO(S y) = Duils, y) dps(y) + (ps, we(s, -))

< \/ \/Ht ,Us,Ut 7 (41)

where u(s,z) = Efsw)(gp(Xt_s)) and Hi(s) = |lu(s, )||L2 - Since w(s,-) satisfies
(24), we have from (37) that

stt( ) = 280 (uy(s, - —i—/ u (s, ) logp (s,2) dus(x)
1 - 2
> o <Ht<s> ~ G (s, ))?) - A<s>Ht<s>.
Therefore,

Hy(s) < e Josamar
t t 1— o
X {HQOH%Q(‘L”) —+ / @fg Sﬂ/,/\(‘F)d‘r,}/())<MO_7 ut(a, )>2do_} )

V(o
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By virtue of (26) and (27), it holds that

(os (s )) = [ @) PG, (Xiey € X) dpn(y) < O gu, o) (42)
From (38), we see that there exists a positive constant k¢ such that
1-1(t)
< koSya(t
IO

for all . Then, noting that £;(c) < ¢;(s) for all o > s,

Hys) < e Josmamar
> H90||22 + /t ef: S,\h/\(’r)d’r]‘ — 7(0) 622t(a)<’u g0>2d(7
L2(ue) T 7((7)* t
—f: Sy a(T)dr

N

< lellzzgoe
_I_koezet < > f Syl <€f; Sya(r)ydr 1) )

Hence, by taking s = k(t) for large ¢, we have

H,(k(t)) <e 2fkt) yal(r HSOHLQ(M _|_\/7 Le(k Nt; (43)

Similarly, since

O gy [ A < 1 g 1

Vo(k(t)) is bounded relative to ¢ by virtue of Lemma 3.3. Therefore, we see that the
first term of the righthand side of (41) is integrable relative to ¢ from (39), (40) and
(43). The second term of the righthand side of (41) is also integrable because (42)
holds for s = k(t). The last assertion of the theorem can be proved by the Markov
property used in the proof of Theorem 3.1. O

Note that the result of Theorem 3.2 also holds for any time dependent function
©(t, ) if it satisfies the conditions (39) and (40).

In the next corollary, we assume for any open set G and closed subset K of G,
there exists a function ¢ € D(G) such that ¢ = 0 on X \ G, ¢ = 1 on K and
po(x) = dptge,p) () /dm(z) is bounded.

Corollary 3.1 Assume that the conditions of Theorem 3.2 and the conditions stated

above. Let F' be a closure of a non-empty open set of X such that \/Irihogp,) V Ir

satisfies (39) and (40). Then
jll_I}OIO Ploy (Xe € F for some t > T) =0,

that is, I’ is a transient set relative to MP.
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Proof. The proof is similar to Lemma 3.2 in Holley et. al. ([6]). Let F} be a closed
subset of the interior of F' and ¢ € D(G) a function such that p =0on X \ F, p =1
on Fy and ju, is bounded. Let p o (-) be the density of djt(iog pt,),0) (+) relative to dmf(-).
Then

My = (X)) = [ (Go(Xe) + ps (X))

is a P(%yz)—martingale. By virtue of Theorem 3.2, it holds that

| Blony (91X dt < 1Gelle [ By (X)) < o

Moreover, since

el (@) < V1t oo /T () piog 0. (),

Theorem 3.2 also implies

L Bl sl (X)) dt < 0.

Hence, the martingale convergence theorem implies that M, and hence p(X};) converges
to zero a.s. and the assertion of the corollary holds. O

Example 3.2 We consider the function p in Example 3.1 on a compact connected
Riemannian manifold X. For simplicity, let Hy(z,y) = inf, supyc,<; U(n(7)) for a
curve 7(7) connecting x and y, and assume that infx U = 0. Put

my = sup (H(z,y) —U(x) = U(y)).

zyeX
Then m(t) = B(t)my — log Z(t). Note that for any fixed t,
RLi(x) — B, (/0 7y (FABOAUHEBOIUR) (Ko do gy y dT)
> Rijawf(2)
for a(t) = ; BOAV] + g O)IVUI[3.- Put
L(t) = inf By o (2, w).
Since Z(t) > m({z : U(z) < &1})(1 + 1)/, we have

yt) < 1—emORZMI()
< 1 —k(ey)(1 4 t)~(mu/2ete) (¢),

Thus, if
L(t) > ko(141)~° (44)
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for some constant ky and § < 1 — (my/2¢), then (38) holds. Moreover, since

Ul 1 U] oo 14t
¢ :/ dr = ]
t(s) 0o 2¢ l1+t—r T 2c Og1+t—s’

by putting k(t) = t/2, we can see that

1Ulloo/2¢
ACC I <k
1+1t/2 =

for some constant k;. Hence, if F' is a subset of {z : U(x) > b} with b > ¢, then
/ O 1 (FY dt < kym(F) / (1+)"*edt < oo,
0 0

On the other hand, under the condition (44), taking £; such that & =1 — (my/2¢c +
0+ 81) > 0,

t ] — t
/ /V(T> dr 2 k0k1(€1)/ (1 _i_T)*(mU/ZCJr(H*El)dT
t/2 (7) /2

01
— k2(el)(1+t)51{1—<11+fé2> }

> ka(er) (1 (2/3)") (1+1)"

for t > 2, where ko(e1) = koki(g1)/01. Note that for any e > 0, we can find k3(es)
such that ||Ir||z2(u) < ks(e2)(1+1)72/2¢7¢2. So, we see

o0 t
/ HIFIIL2(M€7%ft/ﬁ”’*“)‘“dt
2
OO 11 [P (1 ) dr
< /2 | 1p| L2 (uye 2 (N7 [ (=1 /(7)) dt
< k3(€2) /00(1 + t)—b/2c—ezef%k("/)*1k2(51)(1,(2/3)51)(1+t)51 Ut < .
N 2
Therefore, from Theorem 3.2, we have
o ([ 050) <.
if F C{x:U(x) > b} for b > c. Also, from Corollary 3.1,

im P’

Jim P ) (X, €F for somet>T)=0 (46)

for such set F.
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As a special case, consider the 1-dimensional torus X = R!/N. In this case, since
a(t) < (1/9)[AU]|B(t) + (1/8)[VUI[Z,5%(t) (see §1.4 in [7]),

Ky
OéU(t)

F(t) Z G_daU(t) Z kg(l + 2f)—ol||VU||oQ/2c

for the diameter d = 1/2 and constants k; and ks, where

1 1
au(t) = J SNVl + BT

Hence (44) holds if my + d||VU||w < 2¢. In the case of the present example, the
spectral gap A; is given in [6]. By using the spectral gap, more optimal condition is
given there. In fact, it is shown that my < ¢ < b is enough to get (45) and (46) for
F c{z:U(z) > b}.

Acknowledgement. The authors thanks to the referee for the valuable comments by
which we could improve the estimate of Lemma 2.1.
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