On a construction of space-time diffusion processes
with boundary condition
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1 Introduction

Let D be a bounded domain of R? with C2-class boundary dD. Throughout
in this paper, we assume that we are given a family of bounded functions
(a;j(7,2)) on [0.00) x D which is symmetric and uniformly elliptic relative
to x, that is a;j(7,2) = a;;(7,z) and there exist positive conatants A\; < Ay

such that .
A1 sz > Z al] T, x)plpj < A2 ZPZ (1.1)
7.7 1 =1

for all (1,z) € [0,00) x D and p = (p1,p2, ..., pa) € R%

Let {bi(7,z)}1<i<q and {Bi(7,z)}1<i<q be families of bounded measur-
able functions on [0,00) x D and [0,00) x 0D, respectively. Furthermore
assume that Zgzl ﬂi(T,a:)% is a vector field on the tangent space of 0D
and the derivative of G;(, xz) along 0D is uniformly bounded relative to
(1,2) € [0,00) x OD. We consider that {a;;(7,z)}, {bi(r,z)} and {B;(7,z)}
are defined for 7 < 0 by putting a;;(7, ) = a;;(0,2), bi(7,z) = b;(0, ) and
Bi(t,x) = 5;(0,z) for 7 < 0.

Since D is of compact closure, its boundary 9D is covered by a finite num-
ber of open sets {O(k)}lgkgn. Furthermore, for each k& > 1, there exists an
open set U*) of R? and a family of C2-functions ®*) (&) of € = (&1,&, ..., &)

given by ®*)(¢) = (cpgk) (5),<pgk) &), ,gp&k)(f)) such that any points of

U®) are mapped onto O*) as one to one map and
oD N O™ = {z = aW(¢,0): (¢/,0) e UM},

where ¢ = (51,52,...,§d_1). Let {6()(2)}1<p<n be a partition of unity
subordinated to {O®}, that is 6 is a C> function supported by O*) and
Sr_ 0% (z) = 1 on a neighbourhood of dD. Let C'(D) be the family of
functions ¢ on D which can be extended to a function of C!'(R?) and F



be the Sobolev space of order 1, that is F' = {p € L?(D;m) : Op/dz; €
L?*(D;m) forall1 < i < d} for m(de) = dx. Then F is equal to the
closure of C1(D) relative to the Dirichlet norm Dy (see [4] §1.5), where
Di(p, %) = D(,¥) + (,¥)u with H = LQ(D,m) and

690 81/1
Define a bilinear form E(”) on F by
e, 0) = BTN, 40) — BT (0, 4)) (1.3)
for
Jp 0O
E(T)’l(SD)w) = Z / az] T, T 8;0 %d.’[‘
1,j=1 v

- Z | wiro) 5E (a)da (1.4)

85 g(x)dS, (1.5)

i

EM?(p,p) = Z Bilra
where dS is the surface element of 9D.

The purpose of this paper is to construct a space-time diffusion process
correspoding to the time dependent family of semi-Dirichlet forms (E(7), F)
with 7 > 0. The corresponding diffusion is associated with a parabolic differ-
ential generator with oblique reflecting boundary condition (see Fukushima
[2], Kim [5] and Tsuchiya [12]). Our construction is based upon the general
theory of time dependent semi-Sirichlet forms given by Ma, Overbeck and
Réckner [6], Ma and Réckner [7] and Oshima [11].

For a subspace F' of H and a bilinear form E(p, ) defined for ¢, €
F, (E,F) is called a semi-Dirichlet form on H if it satisfies the following
conditions:

(E.1) (Lower boundedness): There exists a positive constant g such that
Eo (@, ) >0 for all ¢ € F.

(E.2) (Sector condition): There exists a constant K such that

|E(,9)| < K Eay(0,9)"/? Bag (1, 4) '/ (1.6)
for all p, ¢ € F.



(E.3) (Closedness): F'is a Hilbert space relative to the symmetric bilinear
form B3 (,v) = 5 (Ba(p, ¥) + Ea(,9)) for any a > aq.

(E.4) (Markov property): For any ¢ € F and non-negative constant a,
pNa€Fand E(pNa,pNa) < E(pAa,qp).

In Section 2, we shall show that (E(7), F) is a semi-Dirichlet form on H
for any 7 with common constants oy and K. Under our present assump-
tion, we shall show that the symmetric Dirichlet form (D, H!(D) with the

Dirichlet integral
Oou Ov
—dx

D(U7v) - D 8561 8m]

is a reference form of (E(T), F), that is, for any a > «p, there exist positive
constants ¢; < ¢y such that

c1 Di(u,u) < Ey(u,u) < caDi(u,u)

for all w € F. In particular, F' satisfies the condition (£.5) given in [11] which
essentially implies that uv € Fjp for any u,v € Fp, where Fp is the family
of bounded functions of F. For any 7 and ¢ > 0, take a strictly positive o-
coexcessive function /ﬁg(T, ) € F. As in [11] Theorem 2.4.8, we may assume
that hs(x, ) > cs(T) > 0 for some positive constant cs(7) which is uniformly
bounded from below by a positive constant on each finite 7-interval. We shall
also show that (E(7), F) satisfies condition (E.6) which is a weaker version
of the sector condition of the bilinear form A(M9(¢, 1) = E) (¢, Whs (1,-)).

In Section 3, we construct the associated space-time process and give
a probabilistic representation of a weak solution of a parabolic differential
equation with boundary condition. Put Z = R x D and let v be the measure
on Z given by dv(r,x) = dr x dm(z). Let H = L?>(R'; H) be the family of
functions u(r, z) such that u(r,-) € H for all 7 € R! and

fulle = [ Nt )l dr < .

Define (F,| - ||£) similarly by using F' instead of H in the definition of
(H, || - |l%)- By considering that F ¢ H = H’, let F’ be the dual space of
F and define 7/ = L?(R'; F’) similarly. For u € F, let % be the distri-
bition sense derivative of 7 +— u(r,-) € F', that is [, Qu(r,-)/07&(T) dT =
Sy u(7, )€ (7) d7 as an element of F” for any ¢ € Ci°(R'). Define a family
Wby W ={ueF:|ullw < oo} for ||ull}y, = [|0u/07|% + ||u]|% and let

— (%,v) + B(u,v) ueW,veF
E(u,v) =

(1.7)
(g—:,u) + B(u,v) ueF,veW,
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where

ou ou
) = Lo m(Grmmn), on

B(ua U) = E(T)(U(T,-),’U(T, )) dr.
R1
We say that (£, F) a time dependent semi-Dirichlet form. Then there
exists a resolvent {G, }a>0 such that G, f € W for any f € H and

Ea(Gaf,v) = (f,v) forany f e F.

By choosing a resolvent kernel Ry, (x, dy) such that Re f(z) = [5 Ra(x,dy)f(f)
is a q.c. modification of G f for any f € H and o > ao, there corresponds
a diffusion process Z; = (7(t), X¢) on Z with resolvent {R,}. Then 7(t) is
the uniform motion to the right, that is 7(¢) = 7(0) + ¢t. By the Sobolev
inequality, we can see that the resolvent R, (x,dy) can be chosen as Rq(x,-)
is absolutely continuous relative to m (see Davies [1] and Fukushima [3]).

We will show in Section 3 that the measure dr x dS(z) is a smooth
measure of the space-time process. By using the local time associated with
the smooth measure dr x dS, we gve a probabilistic representation of the
weak solution of

d

ou 0
&—ZB%GLUT:E )—1—26 Tl'ar (1.8)

i.j=1 ‘

on D with boundary condition

n + Z&(T,aj)x— =g(1,x) (1.9)

on 9D and terminal condition u(T,x) = ¢(x) for x € D. Such representa-
tion is given by M. Tsuchiya [13] for more general space-time domain and
boundary condition.

For a fixed § > ay, take a positive quasi-continuous d-coexcessive func-
tion hs € F. We may assume that hs(7,z) is bounded from below by a
positive constant on [a, b] x D for any finite interval [a,b] (see [11] Theorem
2.4.8). Define the energy e(?)(A) of an additive functional A; by

1 1
(6) —_ - 1 —_— o~ 2
e’ (A) = 3 }H% tEl,(At), (1.10)



where D(7,2) = hg(r,z)dv. Let fien be the family of martingale additive
functionals M such that e(®) (M) < oo and zeen be the family of continuous
additive functionals N such that e()(N) = 0, respectively. In [11], only
the weak sense Fukushima’s decomposition is given explicitly in the time
dependent case. Under our present setting, the Fukushima’s decomposition
relative to the energy e(®) is possible. In Section 3, we also mention about
the decomposition and give the characterizations of the martingale and zero
energy parts. See also [8] for such decomposition.

2 Semi-Dirichlet form property of E(™

Let (D, F) be the Dirichlet form on H defined by (1.2). For a bilinear
form (E, F), D is called a reference form of F if there exists a non-negative
constant ag such that, for any a > ag we can choose a suitable constants
c1(a) and c(a) satisfying

c1(a)Di(p, p) < Ea(p, ) < co(a)Di(ep, ¢) (2.1)

for all ¢ € F. Clearly, (2.1) implies that E,, (¢, ¢) > 0.
Note that D is a reference form of E if (2.1) holds for some a3 > ayp.
In fact, if (2.1) holds for some a3 > ag, then for any a > a1, E(p,p) >
Eo (¢, ¢) > c1(a1)D(p, ). On the other hand, if a1 > a > ayg, then
Ea(p,0) = Eaolp,9) + (@ —ao)(p, ¢)
o —
(Eao (9, ) + (1 — a0)(p, )
a1 — Qo

a (a)Dl((pv (P)

v

Vv

for k1 (o) = c1(a1)(a—ap) /(a1 — ap). Therefore, for any a > «, by putting
c1(a) = ki(a1) x ((@ — ap)/(a1 — ap)) A 1, it holds that ¢1(a)Di(p, @) <
E. (¢, ¢). Similarly, the second inequality Eq (¢, ¢) < c2(a)D1(p, ¢) of (2.1)
holds for ca(a) = ea(an) X ((a — ap) /(a1 — ag)) V 1.

Lemma 2.1. (D, F) is a reference form of (E)' F) for all 7, that is there
erists a constant ag > 0 such that, for any o > g, we can find positive
constants c3, cq satisfying

csD1(p,¢) < BT (0, ¢) < eaDi(p, ) (2.2)

forall p € F.



Proof. Put k = sup{\(7) : 7 > 0}. Then, for any 7 > 0,

d
Jp 0O
(7)1 — - v gy
E7 (o, ) /D > aj(r, ) Jui 9, dx

ij=1

e
- /D bi(r.2) 5 ()
MD(, 9) — [[blleD (0, )2

1 1
AD(5.9) ~ 3 (Do) + B II?)

v

v

Hence,

for 51 = ﬁ |6]|2,- Hence

esD1(p,0) < S (¢, )

for c¢3 = )\1/2 and B2 = 01 + 1/2/\1.
Conversely, for any ¢, € F,

BT o, )] < XaD(,9) D (), )2 + [[b]| D0, )29
< 2D, 9)"2 (D, ) + [bll0]])

Hence, noting that v/a + vb < \/2(a + b), we have

EG (@ 0) < V22aD(p,0)*Dyy (0, 9)2 + Ballgl| [
< (V22 + B2 + [|bllso)D1(e, ) /2Dy (0, 40) /2.

IN

A

Hence
B (i, 9)] < eaDi(p, )21 (4, )2

for ¢4 = v/2Xo + B2+ ||b||co- As we noted before the statement of the lemma,
this implies the assertion. O

Let {O®)}, <<, be a covering of 9D and {§*)(x)} a partition of unity
subordinated to {O®)} defined in Section 1. Let ¢ € C*(D). Then we may
assume that ¢ is a restriction of a function of C'(R%), which is also denoted
by ¢, on D. Decompose ¢ as
o) =Y (@) (@) + o) (1 -2 6<k><w>) = ¢1(2) + ¢2(2). (23)
= k=1

k=1
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Then ¢, € C§(D) and hence E()(pg,4) = ET(py,4) for any o € C'(D).

Since

d
ED2(p,9) = ED2(ps® 1),
k=1

by considering each term E(7)2(pd;, 1)) separately, we may assume that ¢
is supported by O = O®) for fixed k. Put ® = ®*) then by the map-
ping £ = ®(z) given in §1.1, O is mapped onto V C R? and D N O is
mapped onto VN {€ = (&,...,64-1,&) € R : &4 > 0}, Let ¢ = W(¢) =
(1(€),12(8), ..., ¥a(&)) be the inverse map of ® and put I' = (y;;) for
Yij = 0;/0&;. Then dx = p(§)d¢ for p(§) = det(I"). Furthermore the sur-
face measure is given by dS = S(¢',0))d¢’, where &' = (£1,&,...,&4-1) and

_ 1/2
S() = (Z?:l I‘?d(g)) by using the cofactor I';q of ;4 of .

For any ¢ and 1) € C(D), put (&) = (¥(£)) and ¥(§) = (L(S)),
respectively. Since Zgzl Bi(z)0p/0x; for x € OD is a derivative along the

tangent space of 9D, it is transformed by the mapping x = ¥(&) to a
derivative on R4 x {0}, that is to

d—1

d

9%(¢',0)
5 ;i 0 ;
=1 z:lﬁ (f ) “og 85]

<.

where ('yi;l) is the inverse matrix of T. Therefore by putting §;(¢') =
S Bi(@(€, 0755 (€/,0) we can write EC)2(p,4)) as

EO2(p, ) = /8 DZ@ 2 p(a)ds @)

3 3@ (€,0)
_ /R“Zﬁ —pe V(€05 0de. 24

Lemma 2.2. There exist positive constants cs, cg satisfying

[EO2(p,0)| < esDip,0) /D1 (,0)" /2 (2:5)

for all p,v € F and € > 0.



Proof. Assume first that ¢ is supported by O = O®) for sme k. Further,
approximating ¢ by functions of C3(DNO), we may assume that ¢ € C3(DN
O) and hence we may consider that ¢ is a restriction of a function ¢ € C3(0)
to D. The corresponding function % by the mapping ® is also considered
as a restriction of p € C3(V) to RL = {¢ = (&1,&,...,&) « & > 0O}
Furthermore, we may assume that @ € Cg (RY) by putting @ = 0 outside of
V. By (2.4), we can write

<0 [ 0p — -
_ (7),2 _ (el ¥ / / /

J

= I4+II+1IL (2.7)

For the inward unit normal vector n of 9D and the 111}121‘5 vector d in the
direction of (Vi4)1<i<d, since p(§) = S(&) (Zgzl 71'201) (n,d) is positive
and continuous, there exist positive constants k1 and k9 satisfying klg(f ) <

p(€) < kaS(€) for all € € VNRL. Hence, by putting ||B]lec = max{||5;]|co :
1 < < d}, it holds that

NS ( [ (Z) s<g>ds> " ( [y S(&)d&)

=1

1/2

IN

A

1 —

198

V(e %
o d-l 9 2 1/2 B B 1/2
m o< kguﬂuooz< L (5) S(é)dé“) ( / dﬂﬂz(@s@df)
¥ +

J=1

ka _
§||ﬁ||mn<¢,¢>l/2nl<w,¢>1/2.

Since is bounded by some constant k3 on V N le_,

IN
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For fixed &4, since p(¢’, &4) has compact support relative to £, by the inte-
gration by parts formula, I can be written as

d—1 —
- 9P 00— e
L- X /R oo 6, 56 PAEIB O

=1

H

Z:j /R o e V©) 82 (B,(€)5(9)) de.

We may assume that ks also satisfies (1/5(€))|0S/9¢;| < ks on RL NV
for all 1 < j < d — 1. Furthermore, there exists a constant k4 such that
||8Bj/8§j||oo < k4 for all j < d — 1. Hence, similarly to I and III, it holds
that

< ,jl\|ﬁ||ooD<so,so>1/2D<w,w>”2

oo (al[Bloc + kDl 2D1 (6,2

Therefore we obtained (2.5) for ¢ € ctl(OnD).

For general ¢ € CY(D), put ¢ = @d*). Then, for each k, there exists
a constant v independent of ¢ such that (2.5) holds for ¢y instead of .
Hence

|ET2(0,0)] < Y 1B (01, 40)] <D vDi (0, o) D (1), 49) /2.
Clearly (¢, ¢x) < (v, ). Furthermore, since
dor\ oo \? o . ||85%)
<
(52) = 2((52) v %

k=1 k=1
() eo0)

for ks = 1V max{[|06*) /0&||oo : 1 <4 < n}, we obtain that

IN

EO2(p,4)| < %52% +(d+1)(, ) Da (v, )2

IN

C5D(90, ©) 2Dy (1, )/



for c5 = 2k5(d +1)Y2 30 Y.
To show (2.6), take an arbitrary positive e. Similarly to (2.7),

0 (= . 0P <
5% = 33 [ 2 ()52 50) s

=2

1

> = (kslBllos + ka + k) Dl )]

c6
> —eD(p, ) — - (e, %)

for cg = 4(1/k1)%(k3||Bl|oo + k4 + k3)?. This implies the assertion for ¢ €
C'(O N D). Extension to any ¢ € C}(D) is similar to the proof of (2.5). [

Theorem 2.3. For any T > 0, (E™), F) is a semi-Dirichlet form on L*(D; dx)
with reference form (D, F), that is there exists positive constant c1(a) and

ca(a@) satisfying (2.1) with E) instead of Eo. Furthermore, the constants
ag, K in (E.1),(E.2) and c1(«), ca(a) can be chosen independently of .

Proof. By virtue of (2.2), there exist constants ap > 0 and c3 such that
EML(p, ) > e3D1(¢p, ¢). Take € such that € < c3, then by (2.6),

T T T C
EM(p,0) = EDNp,0) + ET2(p,0) > e3D1(p, ) — D (i, 9) — f(so, ).

Hence
EX) (p,¢) = (c1 — )D(p, ) > 0, (2.8)

for a; = (cg/€) — ¢3) V 0. This implies the lower boundedness of (E(™), F).
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For any fixed as > aq, since (c3 — €)Di(p, ) < E&?(gp, @) for ap =
a1 + (c3 — €), by using (2.2) and (2.5), it follws that

IEM (o) < eaDi(p, 9)2D1(,9)Y? + c5D1 (g, ) /2Dy (¢, )1/
< KED(p,0) E() (9,1)?

for K = (¢4 + ¢5)/(c3 — €). Hence the sector condition holds.
In the above proof, we have seen that

(s —eDi(p,p) < B0 (p,) < (ca+e5)Di, ) + (e, 0)
< (eg+c5)VagDi(p, p).
This implies (2.1) for a = «ap by putting ¢1(ag) = ¢35 — € and ca(ag) =
(c4+c5)Vap. Asnoted after (2.1), this implies relation (2.1) for any a > «p.
Hence (D, F) is a reference form of (EM), F).
Since (D, H(D) is closed, the closedness of (E(™), F) is clear. Further-
more, for any ¢ € F' and positive constant a, p A a € F,

d
dp d¢

ED(oNa,pAha) = / E a;i(T,2) ———=——dx

( ) Dnfy<a} ;i1 ]( )axi O

d
9p
+/ bi(r,x p(z)dz
B LEET -TE

d i
i\ )5 S(d
+f o 2D )3 )

= ED(pNa,p).

Therefore, (E(T), I satisfies the Markov property. The independence of aq
and K of 7 is clear from the definition. O

Since C1(D) is dense in F, (E(™), F) is a regular semi-Dirichlet form.

Lemma 2.4. A compact subset B of D is zero capacity relative to E(™ for
some and hence for all T if and only if it is zero capacity relative to D.

Proof. Suppose that Cap(T)’a(B) = 0 for the a-capacity Cap(™® of E(T).
Then there exists a decreasing sequence {B,} of relatively compact open
sets such that B,, D B and lim,,_, Cap(T)’a(Bn) = 0. Let egg’a be a quasi-

continuous modification of the a-equilibrium potential of B, relative to E(7).
Then for any function f € F' satisfying f > 1 on a neighbourhood of B,

0= lim Cap(T)’O‘(Bn) > Ki lim Eé”(egﬁ’%gz’a)

n—o0
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for a constant K. By virtue of Lemma 2.2, this implies that lim,, D(egi’a, egz’o‘) =

0 which yields that B is of zero capacity relative to D.

Conversely, if B is of zero capacity relative to D, then there exists a
sequence {y,} C F such that ¢, > 1 a.e.on a neighbourhood of B and
limy, 0o D(@n, n) = 0. Since E&T)(egz’a,egz’a) < KO%E((;)(gpn,cpn) for
{Bn} such that B C B, C {z : ¢,Uz) = 1}, Lemma2.2 implies that
lim,, 00 Cap(T)’o‘(Bn) =0. O

For a positive q.c. function h € F, put A" (g, ) = E()(p,4h). This
can be defined if p,1 € F satisfies 1ph € F. Define a symmetric Dirichlet
form C(M:" defined on F" = {p € L>(D;h-m) : Vyp € L>(D;h-m)} by

aso oY
SO w Z / au T, ZE 3:701 833] ( .T)d(E

1,5=1

If o € F, then ph € L?(D;m) and V(ph) € L?*(D;m). Hence ph € F and
©)h(p,1h) = E(p,9h) is well defined and written as

8 oh
(7). _ o
(p, ) CTVh (o, 0) + Z / a;j (T, x) 9x; 0z, (x)dx

d
+Z/ bi(T, x)h(z)dx
A;;;zﬂ (@) h(x)dS (z). (2.9)

Note that C'(D) ¢ F,NF". Furthermore, for any ¢, v € FynE", AT (p, 1))
satisfies the following condition which implies the condition (£.6) given in
Section 1.4 in [11].

Lemma 2.5. For any o > «, there exist constants K1 and Ko satisfying

A o) < K (10l B (B )2 + ED (15,4) 12 4+ CEO (0, )2)
x (B (0. 0)'72 + AD M0, )2
+ED () UED (h)Y) - (210)

for all p,) € Fy N F".
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Proof. As the proof of equation (2.5),

EDL (g, ph)| < OO (@ o) 12C0R (4 )1/
o] ¢]l e D(0, ) /2D (B, h)?

b C(T),]’L 1/2
0o C (0, ) Y2118 -

Similarly, decompose E(7):2 (¢, 1)h) as (2.7) by taking th instead of 1. De-
note the corresponding terms I, II and III by I, II' and IIT’, respectively.
Then, similarly to the proof of Lemma 2.2,

1 [19]o0
Il < £ o@)h 12 ( A7),k 1/2 D 1/2
0] < - COM ()2 (OO, ) 4 D)

and L
3 T
L ] N e (N [ T
Furthermore,
|I/| < HﬁHOO C(T ( )1/20(7' (w w)l/Q

HﬁHooWHoo

ks o
o Dl ©)/2D(h, h)'/* + = C (o, Y219 | pem-

Combining these inequalities and noting that D is a reference form of E(7),
we obtain that

A 6, 0) < K ([llao B ()Y + BQ (,0)12 4+ CEOM (5, 4)12)

x (E&T)(% )2 + O (o, 90)1/2> (2.11)

Similarly to the above estimate and the relation ab < (1/2)(a® + b?),

13



there exists a constant ks satisfying

d

1 0¢? Oh
ADH — o s / oh
(@, ) C7 (@, 0) + 2 2 Daj(m:) de; Oz, dx

1 p?
+2;/Dbi(7', x) oz, h(z)dz

L[S 2
+5 /a i 2; Bi(r,@) 5o -h(@)dS (@)

> O, ) — ks <||90HooE&T)(so, ) 2E) (h, h)M?
+C (0, )2 )
> %C(”%, ) — ksl @lloo BT (0, 0) V2B (B, h) 2

1
— k3 (2, D).

Then, by (2.11) and the inequality (a + b)'/?2 < /2(v/a + v/b), we obtain
Equation (2.10). O

3 Associated space-time process and its applica-
tion

By virtue of Theorem 2.3, there corresponds a time dependent semi-Dirichlet
form (&, F) on 'H defined by (1.7). Let M = (Z;,P,) be the associated space-
time Hunt process on Z, that is its resolvent R,u is a q.c. function of W
satisfying

Ea(Rou,v) = (u,v) (3.1)

f/c\)r all @ > ap and u € H. Furthermore, there also exists a v-dual resolvent
Rou € W satisfying &, (v, Rou) = (u,v) for o« > . By the resolvent
equation, for any a > 0, R,u and }A?au can be extended to u € L>®(Z;v)
and u € L'(Z;v) respectively.

Let £ be the the generator corresponding to the resolvent R, f, that is
L is defined for any function v € D(L) = {Raf : f € F',a > ap} by Lu =
au — f for u = Ry f € D(L). Since 7(t) = 7(0) + ¢, the transition function
pef € W can be expressed as pyf(7,z) = [Fp(r,z;7 + t,dy) f(T + t,y) for
a time-inhomogeneous transition function p(7,z;t,dy). For any function
¢ € L*(D;m), put p(s, z;t,0) = [50(s,z;t,dy)e(y).
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Lemma 3.1. For any ¢ € L*(D;m) and v € F,

- <£_p(7'71‘;t,<p),v(7, )> +E(T)( (1,5t 0),v(r,-)) =0 ae.1. (3.2)

Proof. Assume that o, v(r,-) € C1(D). For any (1) € C§(RY), put f(r,z) =
&(7)p(x). Then

aRf(r,2) = / /Rl (1,27 + £, 0)E(T + t)drdt
/ /Rl (1 + O)p(r, 27+ t, ) drdt + () ().
Hence, for v(r, ) = 1(r)i(x) with n € C}(R) and ¢ € C'(D),
0 = &a(Rafv) (f v)
N / /Rl (T +)p(r, 7 +t,0),¢) n(r)drdt
+/0 /Rl e_atf(T + )BT (p(r, 57+ t,0), ) n(r)drdt

i /OOO /]Rl e <§t (T +Op(r, 57+ 1, 0)) »TZJ) n(t)drdt.

This implies that

0

_E (é(T + t)p(T7 ST+ t7 90)7 ¢> + 5(7- + t)E(T) (p(T7 ST+ t? @)7 w)

0
+ (5 (el + i+ 600 0 ) 0.
Therefore
- <8ao_p(0', 5T + t) 90)7 ¢>

which yields (3.2). O

+ED (p(r, 57+ ,0),9) = 0

o=T

Lemma 3.2. The measure dn(t,z) = dr ® dS(z) is a smooth measure.
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Proof. For any O = O and f e C}(0), similarly to the proof of Lemma
2.2,

/ (€. 0)5(¢,0)de’
VN{&:£4=0}

P@%mw@@

kiD(f, /)2 + k3| £
ksDy(f, )Y, (3.3)

for k4 = k1 V k3. This implies that dS is a smooth measure relative to D
and hence relative to E(7) for all 7.

Let B be a compact subset of ONID and {B,,} be a decreasing sequence
of relatively compact open sets of such that B = N,B,. Then for any
functions () € C}(R) and f € C1(O N D) satisfying £ > 1 on an interval
(a,b) and f > 1 on a neighbourhood of B, the a-capacity Cap'®) (A,,) of
A, = (a,b) x B, relative to (£, F) satisfies

Cap'(A,) = &a(€® f,€3,)
b/“ () (1,35, (r. ) dr+ [ E® (£,8%(r, ) €(r)dr.

Rl

/ f(2)dS(x)
onoD

<
<

If (a,b) x B is of zero capacity, then there exists a sequence { By} satisfying
lim,, .00 Cap(® (An,) = 0. Then, by choosing a subsequence if necessary,
limy, 00 (f, ey, (7, 1)) = 0 and limy, .00 E) (f,&%(r,-)) = 0 a.e.7. Therefore,
B is of zero capacity relative to E(™) and hence n((a,b) x B) = 0 by Lemma
2.4.

By virtue of (3.3), for any u(r,z) € C*((a,b) x O),

/R 1 /a ulr2)dS(z)dr

This implies that d7 ® dS is a smooth measure relative to (£, F) O

<k [ B (ulr, ) u(r )" dr < allulw.
R

Lemma 3.2 implies that there exists a positive continuous additive func-
tional ¢; satisfying

limE. < /0 tu(zt)det> = /IR IXBD}\L(T,x)u((T,x)deS(x) (3.4)

t—0

for any g.cfunction u and a-coexcessive function h. The functional by is
called the local time of dD.
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For any fixed T' < oo and f(7,z) € L*([0,T] x D;v),

RTf(r.2) = E (/Tf(t X)dt)
) (1,z) y A

is the O-order potential of 1o 71(7)f(7, 7). Hence it satisfies ERT f,v) =
(f,v) for any v € F. Since v is arbitrary, this implies

or
= ( [O,T}f(Tﬂ ')7U(T7 )) (3.5)

for a.e.7 < T. Similarly, for g(r,z) € L*([0,T] x dD;n) with dn(r,z) =
drdS(z), the potential of the measure U7 (g - n) given by

(5 RTf(r, ), 0(r f)) T+ EO(R f(r, ) 0(r, )

U7 (g ) = B | ' o(z)it)

satisfies, for any v € W,

(U7 (@ nr). () + B g (. ) 0(r,0)
= <g(7—7') 'S7U(T7')>' (3.6)

Theorem 3.3. Let f € L*([0,T] x D;v),g € L?([0,T] x dD;n) and ¢ €
L?(D;m). Then, the function u(t,z) defined by

) = By (o000 + B ([ 03000
+Ea ( | Syt X)) (37)
satisfies
[ (s o [ 00
//fra; Txdex—i—/ /BD T e)o(r 2)drdS(z) (3.8)

for any v € CY((0,T) x D) such that v(t,z) = 0 for any T outside of a
compact subset of (0,T").
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Proof. Since u(t,z) = p(r,2; T, )+ RT f(1,2) + U (g-n)(,z), (3.8) follows
from (3.2), (3.5) and (3.6). O

Corollary 3.4. The function u(r,x) given by (3.7) satisfies the following
equations in the distribution sense.

d

0 0
;—I—Za%<al]7x )—I—Zb T,T) 833 —f(r,z) (3.9)

ij=1 v
for (t,x) € (0,T) x D,

d
Z Zal] T,2)n;(T,2) + Bi(T, x) gg@ =g(1,x) (3.10)

i=1 \j=1

for (r,2) € (0,T)x0D and u(T,x) = p(x) forx € D, wheren = (ny,ng, -+ ,ng)

18 the inward unit normal vector of 0D.

Proof. Put v(r,x) = &£(7)¢(x) in (3.7). Then the lefthand side of (3.8) can
be written by Green’s theorem as

/T<< ), d7+/ B (u(r, ), ) £(r)dr

/ / dem—
ij= 1/ / 890] <a” T )g .>Q/)(x)f(7)d7dw

ou
+Z/ /BD Zawn] Gi | (r,z) B, Y(z)E(T)dTdS(2).

7j=1

(x)é(T)drdx

This compared with the righthand side of (3.8) gives the result. O

For 0 > «y, let us fix a §-coexcessive function ?L(; € F which is bounded
from below by a positive constant on any compact set of Z. See [11] Theorem
2.4.8 for the existence of such function. In [11], concerning to the stochastic
calculus related to time dependent Dirichlet forms, only Fukushima’s de-
composition in the weak sense and its direct consequences are mentioned.
But, most of the calculus similar to the time independent case as in Chapter
5 in [11] are possible. In particular, under our present settings, strong sense

18



Fukushima’s decomposition as Theorem 5.1.4 is possible. Let us briefly men-
tion about the outline of it. The energy e(®(A) of an additive functional A;
is defined by

e®(A) = Blim FE; ( / e Pt A?dt> , (3.11)
— 00 0

where 7 = hy - v. For a q.c.function u € W, put Agu} = u(Zy) —u(Zp). If
uw € W, then uh,u? € F and the energy of Al is given by with energy

e (Al = 25113(()10& (u — BRgu,uﬁg) — ﬁhjr;oﬂ <u2 — ﬁRqu,iAL(;)
= 28(u,uhs) — E(u?, hs) = 2B(u, uhs) — Bu?, hs).  (3.12)

In the preveous section, for a strictly positive Elnction h € F, we in-
troduced a Dirichlet form (C()" F?). By taking hs(7,-) instead of h for
each fixed 7, define a symmetric Dirichlet form (C(7):9, F():9) similarly by
F8 = (o e L2(D : hy(r,-) -m, Ve € L2(D; hs(r,-) - m) and

(7).8 _ . p O~
C (%¢) /DZ,;IQZ](T’ $) ) iafE] hﬁ( ) )d(lf
Let
C(u,v) = [ CT (u(r,),v(r,")) dr
]Rl
and
Aé(u, v) = B(u, uTL(;) = A0 (u(r,-),v(r,-)) dr

Rl

Let j\il and N be the families of martingale additive functionals of finite
energy and continuous additive functional of zero energy relative to hs. Then
the following Fukushima’s decomposition of ALu] = u(Z;) — u(Zp) holds.

Theorem 3.5. For any u € Wy such that uiAL(; € F, there exist uniquely
MY ep and N e N such that

Al = oy NP (3.13)

Proof. Suppose that u € W), satisfies ulAL(; € F. Then u(r,-) € F()9 for all
7. Hence, Lemma 2.5 yields that

A ) < K (|lulZBahs, hs) + Balu, u) + Ca(u,u)
x (Ba(u, w) + A (u, ) + B (u, u)l/ZBg(ﬁg,ﬁa)l/Q)(a.M)
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where C2 (u,v) = C%(u,v) + a(u, v)y. It also holds that
B2, 105)| < KollullooBa (1, 0) /2B R, ) /2

for some constant Ky depending on «. Therefore, if a sequence {u,} con-
verges to u relative to B, +.A2, then it also converges relative to the energy
e by (3.12).

For any u € W, since

B(aRgu, BRgu) = & (BRgu,Rsu) = 3 (u— BRgu, BRzu)

B (u—BRgu,u) — B (u— BRau,u — fRgu)
B (u— BRgu,u) = € (BRau, u)
K &g, (BRgu, ﬁRgu)l/QEgO (u, u)'/?
K Bg, (BRgu, BRyu) > Bg, (u, u)'/?

INIA A

we can show as Theorem 1.1.4 of [11], that that limg_.. fRgu = u relative
to By for a > . In the above inequality, we used the sector condition
of B. Instead of sector condition, by using (3.14), we can also show that
lim,, .o nR,u = u relative to .Ag. Therefore, for u, = nR,u with v €
Wy, (3.12) implies that lim, o e(‘s)(A[“"} — AM) = 0. Hence, similarly to
Theorem 5.1.4 in [11], we can obtain the Fukushima’s decomposition.  [J

Since any function w € C}(R! x D) satisfies the condition of Theorem
3.5, the decomposition A)[tw] = Mt[w] —|—Nt[w] holds. The martingale part M "]
and the zero energy part N are characterized as follows.

Corollary 3.6. For any w € Ci(R! x D), the martingale part MW satisfies
t ow Ow

M :/ ii(Zs) —— ——(Zs) ds. 3.15

= [73 ay(z) 5 2 20 ds (3.15)

Also the zero energy part N satisfies,

1 [w] ow d ow Ov
}1_{% ;EU-V <Nt ) = <8T,’U> — /Z’L;l G/ij(’r, .’L') aixz %jl/(’r,.ﬂf)
d ow
+ bj(t,x) — v(7,z)dv(T, x
[, v vyt
d

ow
+ / /]R > Bir, 7). (7 x)drdS(z) (3.16)

IxoD 5 i
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for any v € Fp with compact support.
Proof. Since v is bounded by a constant multiple of /f;(;, limtﬂo(l/t)Ev.y(N[w]) =

0. Hence

[ v@dn () = tim B ((Z) - w(20)?
Z

t—

1 2 2
= %E)I(l) : (Z(u) — prw,vw), — (w* — pyw ,v))
= 2B(w,wv) — B(w?,v)

— 2/ Zd:a..(z)awawvd,/(z)
N 7 " 81‘z al'j

3,j=1

d
ow? v

ij=1

Therefore fi(,y(dz) = 2 2?,3:1 aij(z)g—gg—;f; dv(z) which implies (3.13). Sim-
ilarly, (3.14) follows from

lim(1 J) By (N = lim(1/4) By (w(Z4) — w(Zo)) = —€(w, v).
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